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®EMA B.
B.1

['a 1o medio opiopov g f =geo h
Dgop, = {X € D, /h(x) € Dg} ={x>0/Inx € R} = (0,+0)

["a tov tomo g f €ovpe

4_ezlnx 4_elnx
fx) =g(h(x) =g(nx) = ohx = = , x>0




B.2

i.  H feivar ovuveyng oto (0, +0) wg pntn Kou Tapaywyicyun oto (0, +0)
—2xx—(4-x2)  —2x?-4+x?  —x?-4  —(x%+4)

oto (0, +), ondte M f yvnoia pbivovaa oto (0, +00).
nfil

, 4-m? _ 4-e?

Eyovpe: m>e = f(n)<f(e)=>T< =

e-(4—1?) <m-(4—e?) Spodue pe e(4 — e?) < 0 ondte
TPOKVTTEL :
4—-m* w

—>_
4—e2 e

B.3.
Katakopvoen (vroyneia n x = 0)

. 4'_x2 ’ 7 r 4
lim f(x) = —— =1, apanx = 0 etvan xotakdpLEN AGVURTOTN.
x—0

Opiovta - [TAGywa

"Eyovpe f(x) = —<=>f(x) = ———<=>f(x) = ——x =
4
& f(x)=—(=x) =
X
e 1151_1 2= 0, apa 11m [f(x) —(—x)] =0
X—>+00 X
OTOTE OO TOV OPIGUO TNG nkowtag acVUTTOTNG M gVBeio y = —x glvor TAGyl

acopmtet ™G Cf 070 + 00. Opiidviio achuntm™ dev £xet.

B.4

, p ovv(1+x?
I'a 1o 6pro lim ov(i+x)

+ 60 vrohoyilovpe TpdTa TO Op1o ™S f(X)
X—+00

‘Exovpe hm f(x) = lim 2 < _ lim > lim (—x) = —

x—-+00 X X—+o00 X X—+00
Omote lim —— =10
X—>+00 f(x)

Ivopilovpe 6L cuvdptnon y = ovv(1 + x2) givar paypévn, 0ov 1oydel
—1<ovw(l+x?) <1ywkdlex € RN |ovv(1l+x?)| <1

ovv(14x?)

fx)

_|crvv(1+x2)|< 1, 1 ovv(1+x?) 1

ol el PP T el S T el S el
2

‘Exovpue




Eneon lim (— ;) =0, lim L= 0 and 10 KPLTN P10 TOPEUPOANG

X—+00 lf I x—=+00 [f(X)|
ovv(1+x%)

naipvooupe lim 0.

x->+00  f(x)

OEMAT.

I'l. H f oto [2,3] éxe1 tomo f(x) =i+a1<oun
1 ’ , ’
y=x-f(x) =x-(;+a) =1+ a - x givaw cvveyng ondte
3 3 x213 a 22
Sy xf()dx = [ (1 + ax)dx = [x+a7]2—(3 +E-9)—(2+a-7)—
3+ -2-Z=1+Tomdrel+==1oa=0.

2. 1) ®a amodeiovpe 6TL T f elvan mapaywyioun oto x, = 1

 f)—-f@) o x?—-3x+3-1  x*-3x+2

11m _— = llm = hm _ =

x-1" x—1 x-1" x—1 x-1" x—1
x—2)(x—1

lim ( ) )= lim(x—2)=-1

x—-1" x—1 x—1"

1 1 1—x
hmw_hmg_ —limL—hmi—
x-1t x—1 _x—>1+x—1_x—>1+x—1_x—>1+x(x—1)_

1
-1
lim — = -1
x-1t x

Apan f eivor tapaywyicwn oto xo = 1.
i1) H e€lomon ¢ epamtopuévng givat

@: y-fW=fD-&k-De
y—1=-1-x—-1)ey-1l=—x+1loy=—x+2

Enedn f'(1) = -1 © gpw = -1 w = 135 apod 0° < w < 180°.

x2—-3x+3,x<1

I'3. Eyovpe f(x) = {1
2 x=>1

H f eivon mapayoyiown oto (—oo,1) pe f'(x) = 2x — 3

H f eivon mopayoyiown oto (1, +0) pe f/(x) = ——=

x2



H f eivon mapayoyiown oto x, = 1(epdtnua I'21) dpa n f eivon tapoywyicyn
010 R ondte Ko cvveyng oto R.

Yto(—oo,1)nf'(x) =0 2x-3=0x = % QTOPPITTETAL.
Y10 (1,400) 1 f'(x) #0

I'o to Tpdonuo ¢ ' (x) €xovue

Y10 (=0, 1): x < 1=>x<§:2x—3<0=>f’(x)<0

S0 (1, 4): f'(x) = =% < 0. Emiong f'(1) = =1 épa f'(x) <
0 yta k&Be y € R omdte N f yvnola ebivovoa 6to R dpakor 1 —1 .
["a 10 6VVoAO TIHAV TNG

lim f(x) = lim (x?-3x+3) = lim x? =4
X——00 X—>—00

X——00

1
lim f(x)= lim —=0

X—+0o0 X—+00 X

Apa pe f yvnow eBivovoa maipvovpe

f((=00,+0)) = (lim (), lim £ (x)) = (0, +00)

I'4. Znteitan epPadov evog ympiov mov opiletat amd TIG YPOPIKES TOPACTACELS
TPLDV cvvaptioeny, TG f(x) = i, m¢ (8):y = —x + 2 ko tov x'x GEova

onAadn g y = 0. Oa Kavovue oynuo.



-0.5

Eivon: A(1,1),4(1,0),I'(e,0),Z(2,0)
To E(£2) givon to epPadov 1oV YPOUUOGKIAGUEVOD Y®PIoV.

To {nroduevo guPado o to vroroyicovpe wg T dopopd tov (AAZ) amd to
eupado (AATB).

"Exovpe (AAT'B) = flef(x)dx = fle%dx = [In|x|]¢ = [Inx]¢ =
Ine—Inl1=1rt.p.

(AAZ) =%-(AZ)-(AA) =§-(2—1)-1=§w-

Apa E(2) = 1—%=%r.u.

OEMA A.

Al

)—2x

INa x € (0,2) kat x # 1 Bétovpe g(x) = f(i—l omoTE lirr% glx)=+.
_ Pt

Byovpe f(x) —2x=(x—1)glx) © fx) =2x + (x — 1) - g(x) xou
}Ciir}f(x) =}Ci£)1}[2x+(x—1)-g(x)] =2+40-¢=2.

Enicng,}ciir%f(x)=}Ci_r)ri[ln(2—x)—i+%] =lnl—-14+x=»—1.

Apax—lzZ(:)%ZB,on()rsf(x)=1n(2—x)—§+3,x€(0,2).
5



H f eivar cvveyig oo (0,2) wg dOpotopa cuvexdv Kot mapaywyiciun pe
-1 1 1 1 x24+x-2
&) 2—'(2—)+——2T+——T2+——
ffR=02x24+x—2=0=x=11x=—2(anopp.)

INa 1o Tpdonpo g f'(x) éxovpe

0 1
+
O )
\
OM
f() =2
. . 1 C e 1

xlir(r)1+f(x) = ler(l)l_'_ (ln(Z —Xx) — -+ 3) —00 QUPOD xlir(r,l+ ~=+00
ko in2 +3 € R
Axoun

. N S _ ,
xllgl_f(x) - xllgl_ (ln(Z X) -+ 3) = —00 aPOL

lim In(2 —x) = (Bé¢1w 2 — x = u omdTe U » 07)=lim lnu = —o
xX—-2~ u—-0+

Ondrte pe f yvnola avéovoa ato (0,1]: f((O, 1]) = (xli%lj(x)’f(l)] =
(—OO’ 2]

To 0 € (—o, 2] ondte Oo VIEAPYEL TOLVAGYIoTOV évar X, € (0,1) dote f(x;) =0
Kot ooV N f yv. avéovoa oto (0,1) 10 x; povadiko pe x; < 1.

£(12) = ( lim £(), lim f(X)> = (~,2).

To 0 € (—o0, 2] ondte Oo VIEAPYEL TOLAIY LG , € (1,2) ®o

f(x;) = 0 kot agod 1 f yv. pBlvovaa oto (1,2) 10 x, povadikd pe x, > 1.



Apan f(x) = 0 &er akpifadg 2 pilec x4, X, pex; < 1 < x,.

Enedi £ () =In(2-3) - T+3=In2-3+3=In5-1n3>0,6pan

Wl

pila x; < é
Xnueimon:
y=InxT
‘Eyoope: 5 >3 = In5>In3 =
In5-1n3>0
A3

()

1-3x;"

Qo dei&ovpe 0T vIapyel € € (0,1) wote f' () =

Aol x; < % , opiCetat To doTna [xl, ﬂ

H f eivon cvuveyng oto [xl, %] ©¢ TPAEELS GLVEXDV.
. , 1

H f eivon mapayoyiown oto (xl,g).

Apa and to ®.M.T. vapyel tovAdyiotov éva € € (xl, §) c (0,1) této10 hote:

1 1 1
o FE) e o F(5)-0 3£ (3)
[ = 1 @f(f)=1_—3xl=>f(f)=1_3xl
3 1 3
Axoun
1 2
f(X)z_—(x—Z)Z_F<O

Apan f' eivan yynoing pBivovsa dpa 1o € ival povadiko.

A4

i. AoV F, G apykéc cvovaptioeig g f oto (0,2) Ba 1oydovv
FF(x)=f®, ¢'(x)=f®xuF(x) =Gx)+C (1)
HDyox=x:F(x)=6Gx)+C=0=G6x)+C&
C=—-G(xy).



H (D) ywox =x:F(x) =G(x,) +C <& F(x,) =0+C
& F(xy,)=C
‘Etou —G(x;) = F(x,) © F(x,) + G(x) =0

ii. Beopd h(x) =x; F(x) + x5+ G(xy) +2x —x; — XX € [xq,%,].
H h givon ovveync oto [x4, X, | oc Tpdéeic cuveymdv, apod F(x), G (x)
elvol GLVEYEIS MG TOPAYMYIGULES.

h(x;) =9 F(xy) + %,G(xq) + 2%, —x; — %, = X5 - G(xq) + %, — %, =

= —x,F (x2) + %1 — x5 0pod G(x;) = —F(x;)
h(xy) = x1F (x3) +9%2666)+ 2x — x1 — %, = X1 - F(xp)+x, — x4

£1

Eivor F'(x) = f(x) yia kébe x € (0,2) ondte x; <x <1 = f(x;) <
fl

fOD=0<fXkm 1<x<x,= fX)>f(x,) = f(x) >0 onote

nfx) > 0070 (x,x;) = F'(x) > 0070 (x4, x,) ondte F T 070 (X4, X3).

F1
MNox, <x, = F(x) <F(x,) = 0<F(xy)

Apa —x,F(x;) < 0 ko enedn x; — x, < 0 €xovue h(x;) <0
kat x;F(x;) >0, x, —x; > 0= h(x,) > 0.

Apa h(x;) - h(x,) < 0 omote and Oedpnuo Bolzano &xovue 611 vdpyst pia
TovAdyoTov pila g h(x) = 0 ato (x4, x5).

IMa v povaduwomro:

hx)=x F'(x)+x,-G'(x)+2=
=x,f(x) + 2, f(X) + 2 > 0 yuo k@0 x € (xq, x5).

Apan hyv.a0éovoa 610 [x4, x,]| omdte N pila mov e&ocParicape pe T0 O.
Bolzano givat povadikn.



